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3UWABY 

Th«  effects  oo  erltleallty  of  aeutroQ-neutroo  colllelOD*  InrolTlng 
uinihllatloD  are  investigated  for  ace-dlaensloosLl,  single  and  otultl-group 
oases.  Tbs  analytic  treataent  sbovs  that  regardless  of  tbe  magnitude  of 
tbs  cross  sectlOD  for  ooUIsIod  between  moving  neutrons,  there  is  no 
orltloal  length  (mass). 

The  ai^ogy  between  this  situation  and  that  In  bydrodynanlcs,  where 
the  addition  of  an  arbitrarily  small  viscosity  tens  eliminates  tbe 
discontinuous  shock  pbenasMnon,  Is  Indicated. 

As  In  earlier  papers,  tbe  underlying  equations  are  derived  using  tie 
principle  of  Invariant  imbedding. 
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!lEUTROH-NKUTROIf  COLLI  31  OH  PB0CE33ES 
by 

id«h4a^  B>1 1— n  aai  I^Db^rt  KalAba 
HARD  Corporatlea,  Sant*  NonlM,  Callfornift 

0.  MlltOC  WIa£ 

Lm  AIbbm  8«l«atlflc  lAbormt«ry,  l£Iv«r|lty  of  Calif orni* 

Lo«  Alowfl,  R«v  Mnd  ao 

1 .  Iirtroduotioc 

iB  prvvloua  papara  in  thla  Mrlaa,  [2,5,4  j  ,  va  hava  eonalAarad 
navtx^  tranaport  aodala  in  vhleh  varloua  typaa  of  eolllalocia 
(aaatt^rln^,  abaorption,  flaaloc)  vara  allovad  to  oaeur  batvaan  tha 
Bovin4  partlalaa  and  flxad  nuelal .  affaata  of  ooUlalooa  batvaau 

naxitrona  vara  not  aoaojrldarad.  la  tha  aurrant  invaatlfatlon  va  InaluAa 
this  proaaaa,  aa  vail  aa  tha  otbara,  aaavaln^  that  tha  nav  typa  of 
aoillalOB  raaxdta  in  tha  annlhllatioc  of  tha  parti olaa  involv-ad. 

Conaidaratiooa  ara  ac^ln  accTlnad  to  a  apa-dlaanaiopal  aodal , 
thoucb  portlalaa  vlth  aavarai  poaalbla  anaru  atataa  ara  inaluiad. 

Tha  ooaaapt  of  Invarlairi  ii^dding,  1  ,  la  uaad  to  Aarlva  tba 
funetioBal  wquationa  vhloh  oonrvltuta  a  aathaaatital  daaariptioi^  of 
tha  phyalaal  proaaaaaa. 

P'1  rat,  tha  iatamaJ  flux  aquatloaa  ara  4arlvad,  aarvatln^  a  vary 
ganaral  and  phyalaaLlljr  raaaanabla  Dautran-iiautroD  aolllalon  Lav.  A 

a 

Wort  parfomad  in  part  undar  tha  anapioaa  of  t.'ia  ".S.  Atasla 
t^rgy  CcMlaalon. 
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MiM  !•  th«D  iBTvrtlcftWd  Ic  acmm  dttAll .  7h«  •quationa  so 

ottaliMd  &r»  •aanabla  to  analjaia,  altho^h  not  Maily  aolvad  cxpH fitly. 
It  la  vorthvhllf,  tban,  to  praafot  th#  rfaulta  of  aoM  maarload 
oxpf  rlMstatlon . 

Thf  anailytle  troftaHit  ahova,  raf&rdloaa  of  tbo  ■0401  tuAa  of  tha 
eroaa  aactloo  for  oolllaloo  botveor  aKnring  nautroca,  thara  ia  no 
orltlaal  laakfth  (Maa)  for  tha  rod.  Arbitrarily  largf  fluxaa  My  ba 
oVtaiMd,  &a  Might  ba  laaglMd,  if  tha  ao^uraa  ia  atrocg  ancugh. 

Iba  analogy  batvaaa  thla  altnatloo  and  that  la  hydrodynajaloa, 
vhara  tha  addition  of  an  arbitrarily  moI  1  vlaaoalty  tarn  allKlnataa 
tha  'laaoBtinuoua  ahoek  phanoMnoa,  la  than  polntad  otrt. 

Varlcma  lata roonaaat Iona  aaong  Intamal  flusaa  ajad  trananlttad 
and  raflactad  fluxaa  ara  aihlbltad  for  tha  andala  eonaidarad.  1%^ 
ara,  of  oouraa,  noz^  eoBqpllaatad  than  thooa  daaerlbad  In  ^  vhara 
tha  affaata  of  eolllaiona  batvaan  Moving  partlolaa  vara  nagleotad. 

2  .  A  Colllalon  Modal 

Conaldar  a  rod  of  langth  x  containing  n\iclel  vtilo:.  are  fixed  In 
poaltion.  A  nautroc  Moving  in  t.he  rod  May  collide  vlth  a  nuolaua, 
vtlch  resulta  In  ana  of  aavonxl  pooslblo  avanta: 

a.  tha  Boxstroo  tmj  ba  abaai^ad  vlthout  araatlon  of  nora  parti alaa; 

b.  It  May  ba  aaattarad  In  tha  forvard  or  baakvard  dlraotlor; 

0.  It  May  dlaapxH'ar  Itaalf  but  give  rlaa  to  nav  oautrOi  a 

through  t.'io  procaae  of  flaalor. . 

Tor  corranlanae  va  aaaMa,  Ir.ltlally,  t  .at  all  i.autror.j  ara  at  tr.e 

aaM  anaru  laral .  Thus  tr.a  avants  daaerlbad  aay  ba  aggregated  by 
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aaa\jtln4  that  a  Dautror.  aaklnf  a  eolllslon  vlth  a  nufllvua  glvaa 
01.  tha  avara^,  to  F  nautrona  aovln^  In  tha  original  dlraetion  of 
traral  and  B  natatrona  aoving  In  tna  oppoalta  dlrartloi..  3taa^  atata 
oondltlona  art  aaa\aad  In  darlvlng  tna  baalo  aquatloi.a. 

Id  addition,  va  aSall  cu]^poaa  that  :.autrona  w>vlr4  in  oppoalta 
dlractiona  aay  oolllda  vlth  ora  anothar,  raaultlr.g  In  thalr  annihllatlo;  . 
To  raduaa  thaaa  Idaaa  to  BathaMatioal  font  lat  ua  introduaa  aoM 
eonranlant  notation. 

Aaa\M  that  j  nautrona  par  unit  tisa  art  Introduaad  into  tha 
■jataa  at  x,  aa  la  ahovn  In  tha  fifura  baloa. 

t--  4^4 

0  t-h  1  t-fh 

Flgura  1.  Tha  Phyaloal  Sltuatlo.' 


Ut 


ah  o(h) 

(1) 

(2) 

t!'  tjx,y 

(i) 


k(u,v''';  ♦  o(h) 


probability  that  a  autron  alll  oolllda  alt  a 
nuelaua  ir  a  aagBant  of  lar.gth  h.  (  art  a  la  tha 
aroaa  aaotior.  and  la  tha  aaaa  aa  uaad  in  [u'*  . 

L  J 

tha  axpaetad  n\aabar  of  nautrona  par  uilt  tlM 
paaaing  an  Intarlor  point  t  in  t.na  dlraotlon 
oppoaad  to  thiat  of  tha  1:  cldant  T>autrona . 
tna  erpaotad  n\*bar  of  r^utnona  par  unit  tiaa 
paaaing  cui  intarlor  point  k  In  t  .a  aaaa  dlraetion 
aa  tha  In.oldar.t  nautrona. 

tha  axpaetad  nvaiber  of  nautrona  in  a  atra—  of 
atrar.gth  u  v*'.lon  ara  anrlhllatad  par  unit  tlJM  d-a  to 

aolllalona  >rlth  a:  oppoalng  atraaa  of  atrangt  v,  '• 

ai.  'nta'-.-al  of  lan^i’h  h. 


?-iuc^ 

£-?o- V- 

h 


Though  V*  fth&ll  not  antor  Into  a  datAll«4  dliouaalor.  of  thm  diilrmblt 
proportlos  of  tho  tolllalon  function  k(u,v),  oloarly  wo  ahoTild  axpoet 

(5)  (a)  k(u,v)  .  k(T,u), 

(b)  k(u,0)  -  0, 

(a)  k(l,l)  -  b, 

vharo  b  la  tha  affactlva  orosa  aaotlon  for  eolllalor.  b«tv9a'.  nautrot.a. 
'H'a  BTMrtrle  bahavlor  in  (%)  la  eonvanlant,  but  not  naoaaaary. 

5.  Tha  Intamal  Flvg  S<j^uatlona 

By  noting  tha  axpactad  flova  poat  obaarvara  at  t  a  d  c-  aftar 
auppra<i&:lng  tha  da^ndanoa  of  tn«  furatlona  u  and  v  on  x  and  y,  va 
aaa  UvOt 

(1)  u(t)  -  u(t-h)(l-ih)  ♦  u(t-- OcfhJ  ♦  v(x)o.B  -  'Ji(u,v'  ♦  o(h) 
Slallaxly  for  tna  funttlor.  v(t)  va  find  tna  ralatlon 

(2)  t(i)  -  v(t>h)(l-jh)  4  v(E)ahi'  >  u(i)or.B  -  ■k(u,v)  ♦  o(h) 

Lattl;4  h  *0,  va  ara  load  to  tha  noiillnaar  ayataai  of  dlf farertlal 
aquatlOTia  for  tna  intamal  fluxaa 

(5)  u'(a)  -  (7-l)ou(i)  ♦  Pkjv(a;  -  k(  u(  i )  ,v(  i ) ) , 

T'(t)  -  (I-F)av'i'  -  Hou(t)  ♦  k ' u( X  ) ,  v( 1 ) , . 

Tna  boundary  ooT.ditlor.i  ara 


(M 


u(0)  -  C,  t(x)  -  7, 
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which  follow  froa  the  foraulatioo.  Observe  that  these  two-point 
oooditions,  rsthsr  thsx.  Initial  values  at  0  or  at  x. 

In  ths  following  dissuasion,  v<s  shall  aasuM  t '.at  t  .s  oollisioi 
funstion  k(u,v)  is  given  by 

(5)  'i(u,v)  .  buv,  b  >  0, 

and  that  as  a  mult  of  a  fissioning  one  neutron  is  foivard-ssattered 
\nd  o:>a  is  baskvard- scattered,  so  tnat 

(6)  F  -  B  -  1. 

l*ndsr  these  assiisiptions  ths  squat  ions  i.^.  (3)  reduce  to 
u*  ■  av  -  buv, 

(  ) 

v'  •-ou  f  buv. 

Along  with  ths  boundary  oonditionc  of  equation  (U),  the  equatioi.s  (7) 
represent  a  tvo  point  nonlinear  bouxulary  value  probloa  for  t ns  expected 
values  of  the  intenial  fluxes. 

^  .  Analysis  and  Co^utational  Results 

’nxoug.h,  in  gsneral,  tne  dlscussior  of  a  tvo  pol:  .t  noi.llnear  bourdary 
value  problea  presents  foraidable  diffloultiss  frea  bot..  t  e  analytloal 
and  ooaputatiOKial  viewpoints,  in  this  oase  It  is  posslbls  to  prooeed 
In  rat;  er  stralghtfervard  fashion.  Ws  oonsidsr  solution  surves  vtiler. 
pass  tr.rougi'.  t.^is  point 

(1)  v(0)  -  d,  u(Cj  -  0, 


for  1  i 
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It  Is  cor. vsi, lent  to  nomsllse  th«  ui^lt  cf  dlrt&no«  In  su«n  s  vmy  t 

(2)  0  -  1, 

and  to  eODSlder  thrs*  oslms,  d»p«ndlr4  on  vhathsr  d,  as  dafinad  in 
aquation  (1)  Is  lass  than,  aqual  to,  or  graatar  than  b~^. 

Va  flrat  eonsldar  that 

(3)  0<d<b“^. 

rroBi  aquation  (3/’), 

(U)  u'  -  T  -  buv  -  v(l-bu) 

t'  •  -  u  -f  bur  •  u(bT-l), 

va  sav  that  initially  u  is  inoraaair^  ar.d  v  is  dseraasing.  As  c 
inaraaaas,  v  daeraasas  and  u  inoraaaas,  so  that  u'  daeraaaas  and  v 

baooaas  Bore  and  isort  nagati'v'a.  Eh^ntually  v  mugt  baecsas  sero  at, 
say,  t-ha  Talue 

(5)  1  -  -  i^(d), 

at  which  iwlnt  va  hara 

(6;  U'  (t^)  O  :  . 

Lat  US  now  snov  that 

( " )  c  '  u(8)  ‘  t’^,  c :  ■  i  a^ . 

'Jpon  inta grating  tha  aquation 
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du  vll -bu| 
dv  "  u'(  tiv-l )  ' 

follcvB  from  equation  (4),  we  find  the  relation 

,  (1-bu)  (l-bv)  \ 

log  i ^  -  b(d-v-u), 

O^vsd-'b 

Conaequantly  In  thli  cate  the  curve  u  «  u(t)  cannot  croaa  the  line 
u  -  b  In  addition  from  fonnuia  (9)  we  detemlne  that 

(11 )  v(0)  -  d  -  u(i^  )  "  u^, 
provided  d  ^  b  ^ . 

We  have  now  eetabllshed  tl^t  both.  u(t)  and  v(t)  are  moDotone  and 
uniformly  bounded  by  on  the  lotenriLl  jo,tj^(d)  ,  for  d*  b 

^iraphe  for  thle  ca4.e  In  which  b  •  .01  and  varlo'ie  valuee  of  d 
ai'e  aaelgned  are  ahovn  In  figure  2.  The  curvee  were  obtained  by 
Dr.  E.  C.  DeLand  using  an  analogue  ccoputlng  aachlne. 

ITie  caee  In  which  d  •  b  ^  can  be  resolved  explicitly.  The  result 
Is 

(12)  u(7)  -  b’^  (1-e**), 
v(  r  )  •  b  ^  . 

If  d  '  then  Initially  u  and  v  Increase  as  t  Increases.  The 
function  v'(z)  also  Increases.  Cti  the  other  hand,  ilnce  u(t)  cannot 
croee  the  line  u  •  b'^,  and  u  le  aonotone  Increaelng,  u  approachee  a 
limit,  which,  according  to  equation  (9)  must  be  b  ^ .  Orsphe  for  thle 


{D 

which 

(9) 

where 

(10) 


caee  with 


.01  are  ehovn  In  Figure  5. 
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It  !•  a  itralghtforward  aattar  to  prorra  that  for  aach  x,  y>o  thara 
•xiata  a  v-<rurva  paaalng  through  tha  poiot  (x,y),  aa  wall  aa  a  eorraapoodlog 
u-curra  paaalng  through  tha  point  (0,0).  A  proof  by  contradiction  la  raadlly 
eooatnietad. 

In  auMary  wa  atata  that  ragardlaaa  of  tha  value  of  t(0)  ■  d, 

(15)  0iu(i)<b'^,  0sz<.*^(d). 

Por  tha  function  v(r)  wa  hara 

Oi^  rCt)  <  v(x),b"^  )  ,  Oitix. 

Laatly,  wa  nota  that  If  a  aourca  of  nautrona  la  appllad  to  a  aufflclantly 
long  rod,  than,  undar  tha  aaauagrtloea  wa  hara  aada,  both  tha  mabai  of 
nautrona  raflactad  and  tha  nuabar  of  nautrona  trmnanlttad  ara  approxlaataly 
equal  to  b*^.  “nila  la  the  aayaptotlc  value  aa  x—»<jo. 

The  phyalcal  ■waning  of  this.  In  aarkad  contraat  to  the  caaa  In  which 
no  annihilation  of  nautrona  through  nautroo- neutron  colllaioo  taJiaa 
place,  (  *♦  j  ,  la  that  thara  la  no  critical  length  (aaaa)  of  tha  rod.  Th* 
Internal  flux  which  In  direction  la  oppoaad  to  tha  Incident  flux  at 
aach  Interior  point  of  tha  rod  la  bounded  a  priori  In  tame  of  tha 
colllaloD  coefficient.  Tha  internal  flux  which  In  direction  agraaa 
with  that  of  tha  Incident  flux  la  bounded  by  an  axpraaalon  depending 
on  tha  coefficient  of  coUlalon  and  tha  aourca  atrangth,  and  aay  be 
■ada  arbitrarily  large  by  having  a  aufflclantly  atrong  aourca.  Thaaa 
raaiilta  muat  not  be  taken  too  aarloualy  In  any  phyalcal  altuatlon, 
alnca  tha  aaauaqptlon  that  tha  Interaction  between  u  and  v  haa  tha  fora 
buv  nay  vary  wall  break  down  aa  u  and  v  bacoaw  large. 
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An  lnt«r»rtln4{  cxaapl*  of  dlfflcuItlM  vLloh  oan  airlM  tnroug^. 
foraail  ua«  of  p«rturt>«tloc  promdur**  oan  nov  b«  glv«n.  OriM  a^in 
«an«ld«r  tha  lyrtaa 

(1)  u’  -  v(l-'bu), 

r’  -  u('bT-l),  01  %<x, 

along  with  the  boundary  eoDditlons 

(2)  u(0)  -  0,  y(*)  1  y. 


vhere  b  !•  eonsldered  to  be  e  eMail  quantity.  lat  ue  put,  follovlng 
tr.e  ueroal  prooedure, 


( 5 )  u  •  +  bu^  +  +  • • • 


Y  -  Y  +  bv,  +  b  Y.  ■*  ...  , 

o  1  2  ' 


where 


(M 


tt^(o)  -  0,  i  -  0,  1,  2,  , 

fy,  i  -  0, 

^1^*^  “\o,  i  -  1,  2,  5,  ...  . 


For  and  ve  obtain  the  equatlone 


(5) 


for  which  the  eolutlon  is  readily  eeen  to  be 
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u  (i)  •  — ^ —  •in  g, 
o'  '  eo«  X  ' 


(6) 


A  «rltloeLl  length  cxlrt*  and  Is  ,  slno*  both  and  I'accM 
infittlta  as  x,  ths  lancth  at  thm  rod,  Is  Insrsasad  to  this  langt: . . 
This  a^raas  vlth  tna  rasults  pravlously  obtaload  in  |^2j  for  tna 
ilnaar  casa . 

Tba  aquations  for  tha  funat.lan  u^(t)  v^(s) 


(T) 


U  Y 

0  O 


I 


T'  •  -U,  +  U  Y  , 

1  i  o  o' 

Ttim  solution  Is  of  tha  font 
2 

•08  X 


(8) 


2 

V,  -  ■  t  {t,x), 

eoa  z 


u^(0)  -  0, 

Vj^(x)  -  0. 


0  i  1 1  X  <  -^  , 


vhara  tha  funrilons  f^  and  t^  ara  boundad  avmy  froa  saro  as  z  tands 
to  for  aljaort  all  x. 

This  vould  tand  to  stran^han  tha  ballaf  that  ^  Is  tna  arltloal 
laiidth.  In  raal  1  ty ,  as  wa  know  froa  Saoxlon  U,  thara  Is  no  erltloal 
leadth,  Tte  transition  fraa  tha  aasa  b  •  0  to  tha  aasa  b  >  0 
eorresponds  to  a  drastls  ahanc*  1b  tha  aatura  of  tha  solutions 
vlth  rtdard  to  tha  axlstaaaa  of  srltlaallty.  Wo  vould,  of  oouroa, 
ba  vamod  of  this  by  tha  fast  that  tha  suppoaad  parturbatlon  taras, 
and  Y^,  aza  aatzially  of  larva: aacnltuda  than  and  as  x  ~  • 
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•  and  TrmnaBitta*  riuMt 

Lat  ua  BOV  •onal&ar  thm  problw  of  Artaralaing  &lr»«tlor  th« 
rBfIaetod  and  traJMBlttad  flu*aa  undar  tha  aaaa  aaa^ap^locxa  of 
Saetlona  5  and  Im  parti aular  va  aoak  tha  raflaatad  ajid  trana- 
■Ittadlluxaa  fro*  a  haapfanaoua  bar  of  laactri  x  vlth  an  Inaldant 
flux  y.  In  tba  aplrlt  of  tha  prlneipla  of  invariant  iM>addln«,  , 

va  Uribad  this  problaa  vlthln  tha  alaaa  of  prablaaa  of  dataralniBC 
thaaa  fluxaa  for  harm  of  all  lan«tha  x  >  0.  rbm  problao  la  trivial 
for  X  ■  0,  knovladso  of  tha  aolutloc  for  a  bar  of  lan^th  x  anatlaa 
ua  to  dataralM  tha  aolutloa  for  a  bar  of  lan^th  x  h. 

j  va  ara  lad  to  tha  raflaatlon  and  transalaaloc 
rvDotlODa  aa  aolvrtlona  of  Initial  valua  problaM.  Knovlad^a  of  thaaa 
fuBBtlona  than  anablaa  ua  to  dataralna  tha  Intamal  fliawa,  u(i)  and 
v(x),  aa  aolutlona  of  initial  valua  probla«a,  vhlah  la  of  gi^t 
U^rtanaa  froa  tha  ooa^putatlonal  vlavpolat. 

Wa  introduaa  tha  funation 

r(y]x)  -  tha  axpaotad  nxaibar  of  nautrona  raflaotad  par  unit 
of  tiM  fraa  a  heanffaaaoua  bar  of  lon<th  x  aa  a 
raault  of  having  y  Inaldant  nautrona  par  lalt  of 
tiaa . 


— •  r(yjx) 
— 1  a-  —  y 

X  x-fh 


h 

0 


Pleura  "nia  Raflaatad  Flux. 
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The  expected  D\ab«r  of  neutrorie  reflected  frcja  a  ber  of  lenir^h 
x-fh  la  the  e\a  of  three  teru,  to  within  texeu  with  probebllltlee  of 
order*  aero  and  oo*  In  h.  A  neutron  upon  p*ealn4  throt^h  the  aegaent 
[  X4h^j  aaor  undergo  flaalon  In  that  aegaeot.  If  It  doea  not,  It 
win  give  rlee  to  eoae  neutrona  whleh  will  be  reflected  fraa  the  rod 
of  length  X.  In  turn  aoa*  of  these  will  enter  the  flu*  reflected  froa 
tta  bar  of  length  x>h  and  aoae  will  undergo  flaalon  in  tie  eegaent 
[  x,x>h  ]  thu*  giving  rlee  to  neutrona  whleh  re-enter  the  ber  of 
length  X,  ultlaatelor  to  ecotrlbute  to  the  total  flux  reflected  froa 
the  bar  of  length  x+h.  All  other  proceaeea  which  give  rlee  to  the 
reflected  flux  have  probebllltiea  that  are  of  order  greater  than  the 
flrat  and  so  eajr  ba  neglected,  aj  will  be  aeen . 

'Rieaa  eoc aide rat Iona  lead  to  the  equation 

(2)  r<yjx+h)  -  yah  ♦  r(y-bhr(yjx);x)  [l-byh^  ♦  r(ohr(yjx);x)  >  o(h)  . 

ly  letting  h  tend  to  zero  and  aaaualng  r(0;x)  vanlshea  we  find  that  r(y;x) 
aatlafles  the  quaalUneer  flret  order  partial  differential  equation 

(5;  -  <37  -  br(y;x)ry(yjx)  -  byr(y;x)  4  ar(yjx )ry(x,0) ,  0<  y.  x, 

where,  aa  uaual,  the  aubeerlpte  indicate  partial  differentiation.  The 
reflection  fmetlon  r(yjx)  eleo  eatleflee  the  Initial  condition 

(**)  r(y)O)  -  0. 

the  equatlea  (5)  epadalliea,  fer  b  •  0,  to  the  Rloeatl  equation 
derived  in  mr  earlier  papers  for  the  reflection  eoefflelcnt .  It  my 
be  raeolved  via  oharaeterl atl a  theory,  ,  or  by  direct  nuiwrleal 
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int«cr«tlOD,  ratunlac  •■••■tiadly  to  (2).  Tba  oquotloiu  for  the 
ehajnecterlrtloa  ejre 


(5)  g  -  kr 

^  -  (ry  -  byr  +  ar  ry(x;0). 

Sloee  xa>s,  y*0>  la  a  aoltriloo  of  the  ayatea  (5)  peaalnf  through 
tne  point  x-y-r-0,  we  find  that 

(6)  r(Oix)  -  0, 

as  was  aasuaed  above  on  phjralcal  grounds. 

Onee  the  fvtnetlan  r(y;x)  hsu  beer,  deterslned  for  sulteble  reofes 
of  y  and  z,  one  say  reduse  the  deteradnetloo  of  u(s)  and  r{x) ,  the 
iatercal  fluxes,  to  the  solution  of  Initial  welua  problsM,  aj  vea 
■entloned  earlier.  It  the  Incident  flux  r(x)  -  y  la  apeelfled,  then 
the  j^leeted  flux  la  r(y;x)  -  u(x),  eo  that  now  both  u(i)  and  T(t) 
are  specified  at  t  -  z.  Ttirough  uea  of  eqmtlooe  (5.7)  the  funetlone 
u(s)  and  r(s)  nay  now  be  determined  oo  the  entire  Interrml  [  0,x j  . 

The  equations  satisfied  by  the  tronsBltted  flux  t(yjx),  where 

t(y;z)  -  the  expected  maiber  of  neutrons  emergent  from  the 

end  t  ■  0  of  a  homoeeaeous  bar  of  lensrth  z  as  a 

(V)  ^ 

result  of  haring  y  neutrcme  per  unit  time  laoldent 
OB  the  end  z  •  x. 


are  slnllarly  derlred. 


W*  h*T« 
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(8)  t  (/)*)  -  -br(y;*)  t  (y;x)  +  ar(yjx)  t  (0;x),  0ty,x, 

^  J  J 

along  vlth  tbo  bouzadJiry  oondltlona 

(9)  t(Ojx)  -  0,  t(y;0)  -  j. 

iBtTPal  Sourooa 

Invovtlga'tiocs  pnrallollDg  tbOM  In  ^4  ean  b«  aOkTrlod  tiirough  for 
tno  Irtomlaatloai  of  oaMrgoirt  fluioa  doo  to  Intomal  oourooo.  Lot, 
forr  oxanplc, 

wv7;2jx)  -  the  oxpoctod  B\*bor  of  noutron*  <n»rglng  por  unit 
tiJH  frcB  tho  x-eod  of  a  b&r  of  length  x  oa  a 

(1) 

reoult  of  a  oouree  of  otrongth  y  neutrona  por 
wait  tlno,  wnriag  toward  x,  at  the  point  x. 

Ue  find  that 

(2)  w(y;x;x-^h)  -  w(yjijx)  +  r(>fah;x)  ♦  o(h)  . 

Thla  loada  to  tho  ayaton 
(5)  -  ar^(0;x>w,  *  *, 

w(y;ajt)  -  y, 
for  vbleh  tho  oolvtlon  la 

X 

ry(0ja)da  ►  . 


(M 


V  -  y  oxp 


J 
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8.  T»o -Group  IbtoiTr 

Polloving  tb«  usual  approx u»t loo  to  ths  physical  sltuatloo  vhar« 
a  imrtroo  possassas  a  dlractloo,  aod  an  aoargy  which  varlas  cootlDUously 
batwaan  cartaln  limits,  lat  us  assuaa  that  thara  ara  Just  two  typaa  of 
oautroDS,  'fast*  aod  'slow,'  aod  that  In  tha  flssloo  procass  althar  eao 
glva  rlsa  to  tha  othar.  lo  addltloo,  althar  typa  eao  anolhllata  tha 
othar  Id  a  nautroo-nautron  coll Is  loo. 

To  simplify  tha  aquatloos  lat  us  asauma  that  fast  oautroos  hara 
a  probability  ♦  o(h)  of  spllttlog  lo  ao  lotarval  of  langth  h  aod 
that  whan  thay  do  split  thara  Is  probability  ooa-half  of  a  fast  nautroo 
produced  going  lo  ooa  direction  aod  a  slow  oautron  going  lo  tha  othar, 
aod  probability  ooa-half  of  a  slow  oautron  going  In  tha  fonaer  direction 
aod  a  fast  oautron  going  in  tha  latter  direction.  Tha  sane  situation 
is  to  prevail  for  slow  neutrons  with  o^  replaced  by  Og.  To  account 
for  tha  annihilation  of  oautroos  through  collision  let  us  assuaa  that 
tha  expected  number  of  fast  neutrons  annihilated  per  unit  time  lo  ao 
Interval  of  length  h  as  a  result  of  coUlsloos  with  an  opposing  stream 
of  fast  neutrons  Is  ■f  o(h),  where  u^(x}  aod  v^(x)  are  tha 

raspectlva  stream  strengths.  Tha  othar  coll  sioo  coefficients  b^ 

aod  b--  ara  defined  similarly,  as  au^  tha  functions  u-(t)  aod  v  (t). 

So  00 

Collisions  between  slow  neutrons  aod  overtaking  fast  oautroos  ara 
neglected.  Ws  specify  that  y^  fast  neutrons  per  unit  time  ara  Incident 


on  the  bar  at  s  x,  as  ara  yg  slow  neutrons  par  unit  time. 


IVklDg  Into  account  tha  vmrlo\ia  flasloo  and  colllaioQ  proc 
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vhlch  can  occur  In  an  Intenral  of  len^h  h  we  find  for  tha  functlc* 

1  '  ' 

U^(x-fh)  .  (l-Oj^)  U^(t)  4-  ^  ^  Uy(z)  ♦  ▼^(x)  I  4- 

(1)  I  ®3^  [  ^3^*)  j  ■ 

-  ^iUy(2)  Vg(l)  4-  o(h). 

Paaalng  to  the  Halt  by  lattlng  h  tend  to  taro  we  find 

(2)  >*;  -  J  -^(Vr  -“,•*?  ♦  ’s>  ■  “irVr  '  ‘’rsVs' 

Kb  a  bouindary  condition  for  the  function  Uj,(z)  we  have 

(3)  Uy(0)  -  0. 

Slallar  conalderatlons  than  /laid  tha  following  nonllnaar  ayatam 
and  boundary  conditions  for  the  functlona  Ug(z),  Vp,(t),  Vg(t): 

“3  -  ?  '’s<’'3  ■  “5>  *  5  "rW  ♦  ‘fI  •  VaVr  '  "saVs- 

(M  f;  -  -5  «f(uj  -  'f'  *  5  “s'^s  •  's’  -  '‘fs''f“s  ■ 

'3  •  5  “sK  -  ’s’  *  f  "fN  *  ’f'  -  '’fs's'*?  ■  '’ss''3“s' 

(5)  Ug(0)  -  0,  Vj.(x)  .  y^,  Vg(x)  .  yg. 

■Ria  rasolutloD  of  tha  nonllnaar  two-point  boundary  value  problan 
of  aquations  (2),  (3)/  (^)  and  (5)  !■  troublaaow,  even  whan  attaiiptad 
maMrlcally  00  a  high  apaad  coaqiutlne  aachlna.  For  altuatloas  InvolTlag 
■ore  than  two  velocity  groups  this  problaa  bacoa«a  even  Bcra  sarloua. 
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It  !•  &dTvrt«4(»»us ,  thttrvfoxv,  to  UDdartak*  th«  azMljala  fraa  a  Alffamt 
▼Iwpolirt,  Tit.,  tbm  dataiminatioo  of  n  loetod  and  tranaalttad  fluzos 
for  roda  of  loncth  z  1  0,  vhloh  laada  to  Initial  vmlua  problaaa. 

Lat  ua  iBtrodiioa  tha  fiaactlcaa  T^{7^,jg}u)  and 
daflnad  to  ba 

ry(7y,7gix)  -  tha  axpactad  nuabar  of  faat  nautroaa  raflaetad 

par  taalt  tlJM  froa  a  bnaoganaoua  rod  of  lan^rtb  z 

(6) 

aa  a  raault  of  r  faat  aautrona  and  y  alow 
F  8 

nautrOKia  iBcidaat  par  lailt  tlaa  on  tha  and 

z  •  z . 

rg(yp,y_;z)  -  tha  conaBpondln4  quantity  fe-  tha  aloa 

(-') 

aautrona  raflartad. 

T)iroM4(h  raaaonlng  parallallac  that  of  Saetlon  6  va  darlva  tha  foUovlne 
aquation  for  tha  ruaatlaa  r^: 

(8)  ry(yp,yg;z^)  -  |  ^  ?  <^8  ^ 

-  I  Oyh  -  bpgygh  -  r^(y^  -  -  i  o^hy^ 

*  h 

*  OyhTy  +  I  OghTg,  I  4  J  03^3^*)  ^  0(‘>)- 

Hm  eorraapondinc  aquation  for  tha  fAau^an  r.  is 
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(9)  rg(yy,yg;  x>h)  -  |  a^y  *  |  a^byg^ 

[^  •  I  -  ^>38^5^] 

-  i  "f^f  ^  I  “^s^s*  V---' 

*  I  <’7^y(7y»y3'*^  ^ 

'S^l  '’P^F  *  I  °3^8'  I  ‘’r^F  ^  5  ♦  o(h). 

^  pa«««^  to  th*  Halt  ia  ^luatlaB*  (8)  aad  (9)  v*  obtain  a 
Doaliaaar  aTstaa  of  fir«t-ord«r  partial  dlffarcntlal  equation*  for 
tl»  raFlaotlOD  fxnctlans  r.  axtd  r^.  Tbo  Initial  oondltlacj  ar* 

(10)  ry(yy,yg;0)  -  rg(yy,yg;0)  -  0. 

Corraapondlncly ,  aquatlona  for  tha  tranaalttad  flisaa  oac  bo 
dk>rl^r«<l. 

As  In  tha  ooa-valoelty  eaae,  onoa  r^  and  Tg  hava  baan  dataralnad 
for  sxiltabla  raagaa  of  tha  Indapandant  yarlablas,  tba  datarainatlac 
of  tha  Istamal  floxaa  la  raduoad  to  an  Initial  valua  problaa. 

9.  Analocr  batvaan  Shock  Wayaa  and  Crltloal  Maaa 

In  our  paper,  ^3j  ,  va  darlya  tha  quaelllnaar  partial  dlffarantlal 
equation 

(1)  ''i  “  ■*’  ^'*t^  *  +  at  ■♦•  f 

for  tha  caaaratlnc  function  aaaoclatad  vltb  tha  niaibar  of  nautrona 


A 
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refl«ct«d  frcB  a  otw-dlaeaslonaJ  mm. 

Thin  equatlOB  la  a  gcDcralixad  vareloc  Jft  tha  a^Tmtlac 

(2)  ♦  aa^  -  1 

(Coupmirt-Bllbart,  V.  II,  p.  55) »  wtilcb  i»  to  llluatrato  tba  natura 
orl|^  of  oBM-dXwaalaaal  ahoak  varta. 

C<n|>arlag  the  two  •qaatiaoa,  v*  obMirv*  as  Intaraatloc  analocr 
betwaaa  tha  tlaa  at  vhiab  a  ahook  flrrt  oocura  aad  the  length  at  which 
erltlMllty  oecura. 

In  the  preaent  paper,  thla  auialogy  la  puabed  further.  The  equation 
of  Burgera,  [5,  .’J 

(3)  u+uu-bu  ,  b>0, 

t  X  zz 

whore  the  tera  bu  eorraaponda  to  a  ptajraloal  vlaeoelty,  loea  net 
sc 

exhibit  a  ahook.  Slxllarl^,  the  latroduatian  of  a  eolHaloa  phenaeannn 
ellJdnatea  orltloallty. 

The  istareatlng  thing  to  do  la  to  exaalne  the  eorreapaodlng 
altuatlon  for  ■ultl-dlBenelanal  ahecka  and  ■ultl-AlaawrI onal  flaeleo 
prooeaaea,  and  thla  we  ahai ^  do  In  a  axjfceequasrt  poblieetioc. 


A 
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